Using a two component SL (2) isospinor formalism, we study the explicit link between conifold T * S 3 and q-deformed non commutative holomorphic geometry in complex four dimensions. Then, thinking about conifold as a projective complex three dimension hypersurface embedded in non compact W P 5 (1, −1, 1, −1, 1, −1) space and using conifold local isometries, we study topological SL (2) gauge theory on T * S 3 and its reductions to lower dimension sub-manifolds T * S 2 , T * S 1 and their real slices. Projective symmetry is also used to build a supersymmetric QFT 4 realization of these backgrounds. Extensions for higher dimensions with conifold like properties are explored.
Introduction
In the last decade there has been an intensive interest to supersymmetric field theories embedded in 10D type II superstring models on Calabi-Yau manifolds. Studies involving conifold backgrounds have been shown particularly interesting and are of basic importance. They are behind the derivation of many results in superstring compactification and brane physics. It is worthwhile to recall the correspondence between conifold and two dimensional c = 1 non critical string with cosmological term [1] - [5] , conifold transitions, branes and fluxes, open/closed string duality [6] - [10] ; and recent development in topological string theory and non commutative geometry [11] - [17] .
Motivated by similarities with non commutative Chern-Simons gauge theory on 3-sphere and fractional quantum Hall fluids in higher dimensions, we consider in this paper conifold local isometries and use SL (2) isospinor formalism to study non commutative topological gauge theory on T * S 3 and reductions to its sub-manifolds T * S 2 and T * S 1 as well as their compact real slices. To that purpose, we first explore the relation between conifold and non commutative geometry. This link, which is already visible at the level of conifold defining equation x 1 y 2 − x 2 y 1 = µ, may be used to develop new perspectives in non commutative gauge theory. A typical example in this matter is given by the D string fluid model studied in [39] and which generalizes FQH systems in Laughlin state with filling fraction 1 k
. Then, thinking about conifold as a projective complex three dimension hypersurface embedded in non compact W P 5 (1, −1, 1, −1, 1, −1), we develop an explicit method to derive non commutative holomorphic topological gauge theory on conifold with local SL (2) isometry as gauge group. This topological field theory has the remarkable property of extending Chern-Simons gauge theory on the 3-sphere.
But before describing the organisation of this study and go into technical details, it is interesting to give other motivations behind this study. These are given by the three following:
(1) For the link between conifold and non commutative geometry, one may think about conifold defining equation,
with complex modulus µ, as a typical q-deformed relation of non commutative geometry (NC) [18] - [23] . This equation supplemented by the obvious ones [x i , x j ] = 0 and [y i , y j ] = 0, which read altogether in SL (2) covariant form as ε ij x i y j = µ, ε ij x i x j = 0, ε ij y i y j = 0, can be equally put in the form,
with a constant " complex magnetic field" ϑ ij ∼ µε ij and where [ij] refers to usual antisymmetrisation of indices. Setting x i = Z 1i and y j = Z 2j , the above relations combine as Z ki Z lj − Z kj Z li = ε kl ϑ ij and may be read also as, . Equation x 1 y 2 − x 2 y 1 = µ is then just the unique non trivial relation of complex 2 × 2 matrix coordinate system. With such a formulation, one disposes of an other picture of thinking about conifold; and so one can borrow techniques and results on q-deformed non commutative geometry and symplectic manifolds to build new representations for conifold and its sub-manifolds. This view offers as well a new way to look for geometric extensions with conifold like features type the symplectic varieties with SP (n) isometries and Nambu like geometry considered in discussion section.
(2) Conifold geometry seen as a projective hypersurface may be used to construct supersymmetric QFT 4 realizations embedded in type II superstring on conifold. Recall that from super QFT 4 view, the projective gauge invariance is the abelian gauge subsymmetry in supersymmetric quiver gauge theories. However by describing conifold using the equation x 1 y 2 − x 2 y 1 = µ, one is in fact thinking about it as a complex three dimension holomorphic hypersurface embedded in complex four dimension space C 4 where projective symmetry is fixed. To implement projective invariance, one needs to go beyond C 4 ; for instance to four complex dimension non compact projective spaces W P 4 (−1, 1, −1, 1, −1) where C 4 appears as a local patch described by the projective gauge fixing σ = 1. The extra variable σ captures the projective symmetry of W P 4 space; that is σ ≡ λσ with the usual projective parameter λ ∈ C * . Relaxing the condition σ = 1 to arbitrary values σ ∈ C * and imposing projective invariance, one can easily get the projective hypersurface describing conifold geometry; but this time embedded in W P 4 (q σ , q x , q y , q z , q w ). A quick way to determine the projective weights (q σ , q x , q y , q z , q w )
is to start from eq(??) and rewrite it as
Renaming the variables as x = and so on, we end with the hypersurface xy − zw = µ describing the usual T * P 1 fibration over C * embedded in the non compact projective space W P 4 (−1, 1, −1, 1, −1). To keep Calabi-Yau condition manifest, one should go a step further beyond W P 4 (−1, 1, −1, 1, −1) and think about above relation as given by the complex three dimension hypersurface, (σ + x 1 ) (σ − y 2 ) − (σ − x 2 ) (σ + y 1 ) = µ, Concerning the extra variables σ ± ∈ C * , they are associated with two chiral superfields Σ − and Σ + constrained as Σ − Σ + = 1. In this picture, the usual neutral adjoint matter chiral superfield Φ of supersymmetric quiver gauge theories appears as the Lagrange superfield implementing the constraint eq Σ − Σ + = 1 in the holomorphic field action.
(3) The other motivation deals with the relation between conifold geometry and non commutative topological SL (2) gauge theory. Notice that under local change
l j x l with Υ = Λ (x i , y i ) and det Υ = 1, conifold eq ε ij x i y j = µ remains invariant. On the moduli space of the supersymmetric QFT 4 vacua, these isometries correspond to a non commutative topological holomorphic SL (2, C) gauge theory on conifold. As we will see in section 6, the gauge field constraint eqs are also the field equations of motion of the topological SL (2, C) gauge theory. This result is obviously valid in the projective representation where conifold is thought of as a complex three
The novelty is that in present case,
we have a special abelian sub-isometry which may be used to get more insight in the huge topological SL (2, C) gauge theory and its reductions to the lower dimension holomorphic gauge theories on T * S 2 and T * S 1 as well as on real slices. In the abelian sector, the usual global projective symmetry, σ → λσ and so on, get promoted to a gauge symmetry σ → Λσ, ..., with Λ = Λ (σ, x, y). By focusing on this abelian gauge sub-symmetry, we
show how non commutative topological C * gauge theory follows from a simple gauge principle relying on equating the global SL (2) algebra, 6) with the corresponding gauge covariant one namely,
Here the D 0,± 's are the covariant derivatives and read as D 0,± = D 0,± − A 0,± . Non commutative topological holomorphic gauge theory on conifold follows naturally as a solution of these constraint eqs. Chern Simons gauge theory on S 3 follows as well by imposing reality condition.
Along with these motivations, it is interesting to note moreover that above mentioned conifold features have similar ones in quantum Hall systems and attractor mechanism of Hartlee-Hawking wave function for flux compactifications [24, 25] . The non commutative topological gauge theory for conifold may be related to Susskind proposal on quantum Hall (QH) systems [26] . Restricting conifold T * S 3 to its real three dimensional slice, the U (1) Chern-Simons (CS) gauge theory on S 3 may be, roughly speaking, compared with the (2 + 1) non commutative CS gauge theory describing fractional QH systems. This formal similarity is even more striking since there is also a correspondence between Susskind model for Laughlin state with filling fraction ν = 1 k , with k positive (odd) integer, and the attractor mechanism of Hartlee-Hawking universe wave function on S 3 fixing the global complex deformation parameter of the conifold as µ = k + i φ π with φ a real modulus [27] .
The organisation of this paper is as follows: In section 2, we review aspects of conifold as a hypersurface embedded in the ambiant complex space C 4 , a matter to fix the ideas and convention notations. In section 3, we show that conifold embedded in C 4 may be also viewed as a q-deformed non commutative complex four dimension holomorphic geometry with a very special antisymmetric field ϑ il . The same result is valid for S 3 embedded in R 4 and the other sub-manifolds. In section 4, we develop a conifold representation using a complex three dimension projective hypersurface embedded in W P 5 (1, −1, 1, −1, 1, −1) and give a super QFT 4 realization. In section 5, we study conifold diffeomorphism using two kinds of coordinate frames and in section 6, we consider the derivation of non commutative topological gauge theory by focusing on the C * model. In section 7, we give a conclusion and make discussions regarding higher dimension extensions.
Conifold as a C

hypersurface
From the point of view of algebraic geometry, complex three dimension conifold T * S 3 with a global complex deformation parameter µ is generally defined as a hypersurface
2 ) embedded in the four complex space C 4 as,
where x 1 , x 2 , y 1 , y 2 are complex holomorphic coordinates with the unique restriction given above. Such a relation, which is singular for µ = 0 and corresponding to a shrinking real three sphere, appears as the topological ground ring of two dimensional non critical c = 1 string theory [1] and has a set of isometries from which one can extract precious informations. To exhibit explicitly these isometries, it is interesting to go to the 2 × 2 matrix coordinates representation by using the correspondence C 4 ∼ Mat (2, C) and redefine conifold hypersurface eq H 0 as given by the determinant of a complex holomorphic
with,
This complex holomorphic matrix representation, which breaks down for µ = 0, has a manifest GL (2, C) ∼ C * ×SL (2, C) automorphism symmetry acting through changes generated by the following arbitrary M matrix,
Strictly speaking, there are two main options for thinking about this matrix Z; either as a matrix operator acting on an underlying complex two dimension space C 2 , or as pure matrix coordinates Z ij parameterizing C 4 . If forgetting about small details, the two options are a priori equivalent and the apparent differences is linked with the way they are handled. Keeping this in mind, let us focus for the moment on the isometries of the hypersurface H 0 . Since the C * factor is an abelian symmetry, conifold isometries seems at first sight given by global SL (2, C) symmetries. However, this SL (2, C) isometry is just the global part of a huge gauge symmetry generated by conifold diffeomorphisms Dif f (T * S 3 ) typically captured by local matrices as shown below,
As there is no differential operators ∂ ∂x i and ∂ ∂y i in the conifold defining eq x 1 y 2 −x 2 y 1 = µ, it does not matter whether M is a constant matrix or depending on the local variables x i and y i . Leaving these details for later, note that invariance of the conifold hypersurface H 0 follows from the property of the det mapping which acts on Z as 6) where M stands for an arbitrary GL (2, C) gauge transformation matrix. Note that for gauge transformations restricted to K sitting in SL (2, C), any change of Z type
is also a symmetry of the conifold; thanks to the property det (MZ) = (det K) (det Z).
Note also that with the change Z ′ = KZ , the previous trivial abelian factor C * ≃ GL (2) /SL (2) eq(2.6) is no longer a conifold symmetry of eq(2.7); it appears as a "scaling transformation" which has much to do with the scaling symmetry used in [28] to study local complex deformations of conifold dealing with the building of S 3 quantum cosmology. Recall that these local complex are known to model momenta and winding corrections in c = 1 non critical string; for details see [29] . Since the main difference between the transformations Z ′ = MZM −1 and Z ′′ = KZ is this C * abelian scaling factor, we shall drop it in what follows. Nevertheless it is interesting to note here that there is a second C * symmetry that we will encounter below and which turns out to play an important role. It comes from the factorisation of SL (2) as the product of C * with the complex holomorphic coset SL (2) /C * ; then it should not be confused with
In the Z ij matrix coordinates formalism, conifold symmetries are then manifestly exhibited. But this is not all the story; along with this useful property, one discovers moreover a set of basic features that pass under heard in the usual (x 1 , x 2 , y 1 , y 2 ) component formalism. These features captures essential data on conifold geometry and have interesting physical interpretations. In what follows, we study three of the special conifold features that seem to us of basic importance in the understanding of the structure of the field theoretical models relying on conifold geometry. These features concern the following points:
(i) Working explicitly the link between conifold, together with its sub-manifolds
and S 2 , and q deformed non commutative complex four dimension holomorphic geometry. As it will be explicated later, these geometries are very special in the sense that their quadratic algebraic geometry equations look like the q deformed canonical commutation relations of quantum physics opening then issues for wider applications.
Focusing on conifold equation, it is not difficult to check that det Z = ε ik ε jl Z ij Z kl = µ is equivalent to the specific q-deformed non commutative geometry relations,
where µ is as before and where ε ik is the usual invariant two dimensional antisymmetric tensor.
(ii) Use the link T * S 3 ∼ C * × T * P 1 between conifold T * S 3 and cotangent bundle on the projective space P 1 to re-formulate conifold geometry as a complex three dimension projective hypersurface in non compact space W P 5 (1, −1, 1, −1, 1, −1) with complex coordinates (σ + , σ − , x, y, z, w) and a C * projective symmetry as,
This representation plays a fundamental role in constructing supersymmetric quiver gauge theories with a U (1) sub-symmetry. There, the complex (σ + , σ − , x, y, z, w) variables describe superfields moduli minimizing the chiral superpotential,
with respect to the neutral chiral matter superfields Φ 0 and Ψ 0 . The sub-indices ± refer to the gauge charges. The naive correspondence would be associating the σ + , σ − , x, y, z and w variables with the VEVs of corresponding superfields (
However gauge invariance requires that the exact picture should be as follows
12)
More details on this method are given in subsection 4.2. For a quite similar super QFT 4
analysis dealing with T * P 1 background; see [30, 9] .
(iii) Referring to above superfield theoretical interpretation and to conifold eq x 1 y 2 − x 2 y 1 = µ, which we can usually rewrite it as follows,
for any non zero complex modulus σ. This change corresponds to moving from the C * invariant coordinate frame (x 1 , x 2 , y 2 , y 1 ) to the projective one (σ, x, y, z, w). The objective of this part of the analysis is to extend the global change (2.9) to local gauge 14) which are still isometries of conifold. This local change induces in turns,
Then study the gauge theory behind this gauge invariance principle. As we will prove in section 5, this is a non commutative holomorphic topological gauge theory which on real slice, reduces to the non commutative topological Chern-Simons gauge theory on the three sphere. This topological gauge theory deals with abelian isometries and is in fact a part of the huge SL (2) holomorphic gauge theory.
3 Conifold as a q-deformed NC C
geometry
In this section, we first introduce the two component formalism to parameterize conifold geometry. Then, we discuss its link with q-deformed non commutative geometry in C 4 . Finally we give a classical mechanical like model realizing conifold background.
This complex holomorphic model is inspired from similarities with the classical dynamics of quantum Hall particles moving in a strong magnetic field.
Two component formalism
As far as conifold defining eq(2.1) is concerned, one learns from the coordinate matrix representation that if we insist on using component formalism for T * S 3 , the natural way to do it is by using a two component formalism involving the two complex holomorphic
These two component variables are given by the rows of the matrix coordinate Z ij ; that
In terms of these isospinor variables, conifold constraint eq reads as
where ε ij is the usual two dimensional antisymmetric invariant tensor with ε 12 = 1 and inverse
The two remaining others rests on the property that u i and v i are commuting bosonic isodoublets in same manner as for Penrose twistors [31] .
The fact that conifold holomorphic hypersurface H 0 takes the above form seems at first sight something obvious and it is just a way of exhibiting manifestly SL (2, C) global isometries. This is true, but there is something more. The idea is that, by help of the inverse of ε ij ; i.e ε ij ε ji = 2, these relations may be also put into the following remarkable form,
3)
where we have set ϑ ij = µ 2 ε ji . But these are familiar relations in non commutative geometry; the only differences are that in present case we are dealing with complex holomorphic analysis in higher dimensions and that the precise interpretation is that the
Forgetting about this technical detail, the two component isospinor formalism we have been introducing establishes therefore a direct and manifest link between conifold hypersurface and q-deformed non commutative holomorphic geometry in complex four dimensions with magnitude of the deformation tensor given by the global complex deformation µ.
Theorem 1
Conifold T * S 3 with complex moduli µ is equivalent to a q-deformed non commutative complex four dimension geometry with SL (2) isometry and holomorphic
In this view, the singular limit µ = 0 corresponds to commuting C 4 . This result is also valid for the complex two dimension holomorphic sub-manifold T * P 1 having a SL (2) /C * isometry, the real slice S 3 with SU (2) isometry and the two sphere S 2 with symmetry SU (2) /U (1).
With this result at hand, one may be tried to do something with; starting with the search for bonds with relevant quantities in type II superstring compactifications on Calabi-Yau manifolds and brane physics. A way to make contact with the real quantities is to restrict conifold T * S 3 to its real slice obtained by setting y 2 = x 1 and y 1 = x 2 . The defining equation of the resulting real three sphere S 3 embedded in C 2 ∼ R 4 reads then as,
where now the real number p is the radius squared of S 3 . In this real restriction, the isospinor v i get identified with u i = u i , the complex conjugate of u i = ε ij u j and eqs(3.3) reduce to the following special non commutative geometry relations,
If we forget about reality and continue to work with complex holomorphic quantities, one may be tempted to derive new representations for conifold geometry by mimicking standard analysis in quantum mechanics and non commutative geometry developed in literature [32] - [33] . The global complex deformation parameter µ has formally a similar role as Planck constant of quantum mechanics and so may be used for quasi-classical studies using formal series in powers of µ as,
where the F n (Z ij )'s refer to the n-th perturbation order of correction terms. This expansion is in agreement with the structure of the expansion of free energy F top of the B model topological string on locally conifold with local complex deformations.
A classical mechanical like model
Letting the two component variables u and v to have a time dependence as u i = U i (t) and v i = V i (t) with ∂ t U i being the "time" derivative, this pair of isospinors may be also interpreted as canonical variables in a complexified dynamical Lagrangian description,
where L = L (U, ∂ t U) is some holomorphic Lagrangian field density. The simplest example is given by the holomorphic field density,
which may be thought of in the same lines as the real lagrangian describing a two dimensional quantum Hall effect particle moving in an external perpendicular and strong
. Computing the conjugate momentum
of the field variable U i by using eqs(3.8-3.9), we find
which up to using the q deformed canonical commutation relation
which is nothing but conifold equation. One may also consider holomorphic hamiltonian like representations with, 12) to develop a symplectic like geometry. We believe that this two component isospinor formalism, which recalls Pauli two component spinor formalism of QED, may encode deeper informations on conifold. Together with the explicit non commutative property, this isospinor formalism opens a new insight for developing other conifold representations which may be linked with recent developments in topological string theory on conifold.
Two of these representations, under investigation in [35] , are given by the field theoretic descriptionà la Susskind [27] and the the matrix model realizationà la SusskindPolychronakos [36, 37] . In the effective field theory approach, Re µ is interpreted as given by the inverse of an external constant magnetic field B ex , with k a positive (odd) integer. Following [28, ?] , the non commutativity parameter ϑ of the co-moving plane coordinates is related to the filling factor ν and to the Chern-Simon effective field coupling constant λ CS as
Upon on rescaling eq(3.13) as Re (ϑ ij ) = kε ij and completing Re (ϑ ij ) by switching on the imaginary part Im ϑ = φ π
, we get a remarkable relation
which should be compared with one of two crucial relations derived in [?] and concerning attractor mechanism eqs for Hartlee Hawking universe wave function,
where k i = Re (X i ) are integers. In this equation, the complex numbers
are the usual complex structures given by integral of holomorphic 3-form Ω 3 over 3-
. The way Susskind model for quantum
Hall systems is related to the attractor mechanism of [25] is still unclear for us; it needs more exploration.
To conclude this section, we would like to recall some facts. First note that appearance of non commutative geometry behavior for conifold is not a strange feature. It is quite well established that non commutativity lifts singularity [21] ; and that deformed conifold has a non commutative geometry interpretation is then obvious. This property has been explicitly checked for Calabi-Yau orbifold geometries with discrete torsion and has been also interpreted in terms of fractional branes [23] . Note also that, even though not extensively explicited, non commutative behaviour of conifold is understood in the study of topological string theory on conifold; in particular by using geometric transition and mirror symmetry between A and B models. There, the complex parameter µ of
, is mirror to complexified Kahler parameter t = D 2 (B 2 + iK 2 ) of the topological A model involving magnetic like field.
Conifold as a projective hypersurface
In eq(2.1), conifold is viewed as a hypersurface embedded in C 4 and the variables x 1 , x 2 , y 1 and y 2 were arbitrary complex holomorphic coordinates in C with the unique restriction x 1 y 2 − x 2 y 1 = µ. From the point of view of super QFT 4 functional analysis, the VEV's of the operator product F 1 ...F n ,
with F (Φ 0 , X i , Y j ) a generic function depending on the chiral superfields Φ 0 , X i and Y j , the eq x 1 y 2 − x 2 y 1 = µ is recovered from the following global holomorphic superfield action,
Notice that while the superfields X i and Y j come in pairs, that is in SL (2) doublets, the chiral superfield Φ 0 is a singlet and appears as a Lagrange superfield parameter. This feature shows that N = 2 supersymmetry spectrum (two hypermultiplets) is partially broken down to N = 1 in agreement with known results on conifold geometries. Notice also that up to now, we have no gauge symmetry yet; the superfields Φ 0 , X i and Y j are not charged. In what follows, we study the gauging of this model by approaching conifold in an other way using projective symmetry to give gauge charges for superfields.
Implementing global projective symmetry
By help of conifold isometries, one may use the gauge transformation eq(2.4) to go to the matrix coordinate frame where the 2 × 2 matrix coordinate Z is split into the product of two matrices Y and X as shown below,
where, instead of the four complex variables x 1 , x 2 , y 1 and y 2 , we have now five projective complex holomorphic variables (σ, x, y, z, w) related to the previous ones like
In these relations σ ∈ C * and is a free complex variable capturing data on the projective abelian sub-symmetry C * of the SL (2, C) global isometry of conifold and where one recognizes the 6) as the defining equation of T * P 1 geometry embedded in non compact W P 3 (1, −1, 1, −1).
From the scaling σ → 1 λ σ, with λ ∈ C * , we get the projective transformations,
of the non compact space WP 4 (−1, 1, −1, 1, −1). Note that old coordinates x 1 , x 2 , y 1 and y 2 of C 4 are recovered from σ, x, y, z and w by fixing projective symmetry which allows to set σ = 1 as in eqs(4.5). Note also that in a rigorous analysis, the Y matrix should be thought of as 
with Λ an SL (2, C) group matrix. To fix the ideas on the meaning of this transformation, let us consider the global C * abelian sub-group of the conifold SL (2, C) isometry by making the choice, 11) and exhibit the meaning of the transformations (4.10) on the complex holomorphic coordinates (σ, x, y, z, w). General expressions of the transformation Λ has to do with conifold diffeomorphisms; they will be discussed later. Restricting SL (2, C) isometry to its abelian global part C * , then putting eq(4.11) back into eq(4.10), we re-discover eq(4.7). Therefore the coordinate mapping Z = Y X can be interpreted as moving from the coordinates (x 1 , x 2 , y 1 , y 2 ) of C 4 to the coordinate frame (σ, x, y, z, w) parameterizing W P 4 (−1, 1, −1, 1, −1) . In this frame, the conifold is a described by the invariant projective hypersurface, F (σ, x, y, z, w) = xy − zw = µ, and σ a free C * variable, (4.12)
defining a T * P 1 fibration over C * , where T * P 1 is the complex two dimension cotangeant bundle on complex one dimension projective space P 1 . In this fibration, which is also equivalent to eq(1.5), the holomorphic variable σ parameterizes the base C * and the other projective coordinates (x, y, z, w) parameterize the fiber T * P 1 . In this view, conifold is
given by a projective hypersurface embedded in W P 4 (−1, 1, −1, 1, −1).
The power of this way of doing is that it offers a natural method to deal with projective functions G (σ, x, y, z, w) living on conifold and its sub-manifolds. For projective invariant functions G (σ, x, y, z, w) on conifold,
we have two kinds of expansions: (1) a first expansion given by the usual Laurent development on the base C * , 14) with Laurent modes,
where C 0 is a contour integral surrounding the pole singularity σ = 0. (2) Viewed from the fiber sub-manifold, the modes G ∓n (x, y, z, w) are projective functions on T * P 1 with an integer degree obeying the homogeneity property, 
Super QFT 4 realization
As we will not have the occasion to discuss in details the super QFT 4 realization of this projective symmetry in forthcoming sections, let us take this opportunity to fix the ideas by giving a superfield theoretical model realizing this conifold projective geometry. The simplest model one can imagine is given by a U gauge (1) supersymmetric gauge theory with a global SU (2) R-symmetry. The superfield degrees of freedom involved in this gauge theory are reported on following table. They carry quantum numbers (q, r)
indicating representations.of the U gauge (1) × SU global (2) symmetry.
4D N = 1 Superfields (q, r) Representations
where the indices 0, + and − carried by Σ ± singlets and the SU (2) superfield doublets Q +α and P −α refer respectively to the charges of the U (1) gauge group. For convenience, it is interesting to split the superfields Q +α and P −α as follows,
Then introduce the following neutral chiral superfield doublets to be considered later, hypermultiplet # 3 :
The superspace lagrangian density L = L (T * S 3 ) describing the dynamics of these superfields and preserving U gauge (1) × SU global (2) symmetry may be split as
The first term reads as,
where L g (V ) and L ad (Φ) stand respectively for the usual gauge covariant lagrangian densities of the U (1) vector multiplet and adjoint matter superfield and where the parameters ζ and µ are the usual Fayet Iliopoulos coupling constants. The second term is given by the usual gauge covariant kinetic terms,
The third term L 3 = L 3 (Ψ, Φ, Q +α , P −β , Σ ± ) deals with the chiral and antichiral superpotential. The chiral sector factor reads as follows,
where the g i 's are coupling constants. Note that eliminating the auxiliary superfields Ψ and Φ through their holomorphic eqs of motion, one gets,
We also recall the following useful relations,
Substituting Σ + Σ − = 1 in the first relation and shifting µ → g 1 (µ − g 2 ), we discover Q +α P −β ε αβ = µ. Setting P −α = K 0α Σ − and H 0α = Σ − Q +α , we end with,
which, by help of the identity (4.25) is nothing but the conifold eq X 1 Y 2 − X 2 Y 1 = µ in superfield language.
Diffeomorphisms
In the old coordinate system {x i , y j } where conifold is seen as hypersurface ε ij x i y j = µ embedded in C 4 eqs(3.1-3.3), conifold isometries are given by the general coordinate transformations
leaving ε ij x i y j invariant. Since x i and y j are rotated under SL (2), it is not difficult to see that these general coordinate transformations should be as,
where the local matrices Υ k i and Γ l j are constrained as
showing Γ l j is the inverse of Υ k i and det Υ = 1. Global matrices Υ generate then the global SL (2) sub-symmetry of dif f (T * S 3 ).
In the projective coordinate frame (σ, x, y, z, w) of W P 4 (−1, 1, −1, 1, −1) eqs(4.5-4.7), we have a quite similar description, except that now we have more explicited transformation from which we can also read the change concerning the base sub-manifold and fiber. In this frame, conifold diffeomorphisms are given by general coordinate transformations,
preserving projective symmetry; i.e,
Restricting the variable change (x ′ , y ′ , z ′ , w ′ ) to the special case x ′ = x ′ (x, y, z, w) and so on, gives diffeomorphisms of T * P 1 . Restriction to the base σ ′ = σ ′ (σ) gives C * diffeomorphisms. Note that fixing σ ′ = σ, the above changes reduce to general coordinate transformations on T * P 1 fiber. The same observations are valid for the S 3 , S 2 and S 1 real slices. The general coordinates transformations (5.4-5.5) translate into the corresponding two component projective isospinor formalism as follows,
with
Notice that here u j = (x, z) and v j = (y, w) are projective coordinates; they should not be confused with those given by eqs(5.1).
The charge operator of the projective symmetry on WP 4 (−1, 1, −1, 1, −1) namely,
splits into two commuting parts as
with contribution T 0 coming from the base,
and a second one D 0 coming from the fiber,
The charge operator T 0 , which counts the projective charges of sections along the C * base, reads as,
and has integer eigenvalues n and eigen-functions given by the usual Laurent monomials f n ∼ σ n . The D 0 charge operator deals with the counting of the Cartan Weyl charges on the T * P 1 base; it reads then as,
It has integer eigenvalues and eigen-functions given by harmonic functions on T * P 1 . In this setting, projective invariance of functions G = G (T * S 3 ) living on T * S 3 , is solved as,
implying in turns,
This identity means that projective charges on fiber and base sub-manifolds cancel themselves exactly. Notice that in general, projective covariance on conifold requires,
On the cotangeant bundle T * P 1 described by the projective invariant eq xy − zw = µ with x ≡ λx, y ≡ 
Together with the expression of 2D 0 given above eq(5.13), the D ± operators realizing the above SL (2, C) brackets read as,
Under this realization of SL (2, C) global isometry, one recovers the results described above. In particular we recover that the projective variables u = (x, z) and v = (y, w)
carry respectively the projective charges (+, +) and (−, −) and moreover transform as SL (2, C) isodoublets as shown below, First note that in the projective frame, there is a one to one correspondence between base and fiber objects,
where n ∈ Z. Second, like D 0 and D ± , the generators (−T 0 ) and (−T ± ) obey an SL (2, C)
algebra. In addition to eq(5.12), the realization of the generators T ± is given by,
It is dictated by the projective transformation σ → 23) and substituting σ + σ − = 1. Finally under global projective symmetry, the SL (2) generators of conifold scale in same manner as for D q and T q parts namely, 24) with q = 0, ±1.
Conifold isometries
First note that, along with the particular global projective symmetry described above (4.7), conifold has an infinite set of diffeomorphism symmetries sitting in the group Dif f (T * S 3 ). Roughly speaking, and as far as the T * P 1 fiber is concerned, there are three main subsets which read in the T * P 1 projective isospinor formalism as, 25) with matrix M as follows,
where Λ = 0, Υ and Γ are arbitrary functions on conifold. To complete the picture, one should also add the general coordinate transformation of the base σ ′ = σ ′ (σ, u, v); it will be implemented later. A particular subset of u and v general coordinate transformations is that given by the holomorphic change M 1 mapping half of the T * P 1 projective coordinate, say x and z, as 27) and fixing the other half since leaving the variables y and w unchanged,
In the projective coordinate frame we are working with here, explicit general coordinates transformations that leave invariant conifold hypersurface xy − zw = µ read as,
If focusing on the T * P 1 coordinates where projective symmetry should be imposed, the general coordinates parameter Υ = Υ (σ, x, y, z, w) is an arbitrary degree two homogeneous function on conifold,
This is because of the opposite projective charges of (x, z) and (y, w). According to the analysis of previous section, this function expands in a Laurent series as follows, 
with a foot in the base and the other in the fiber. The next example coming after is given by the following isotriplet representation (1, 0) living in the base, Together with the general coordinate transformations (5.27), we have also a mirror set of diffeomorphisms fixing the isodoublet (
but changing the second isodoublet (y, w) as follows,
Here also, the diffeomorphism group parameter Γ = Γ (σ, x, y, z, w) is given by homogeneous function living on conifold and has a degree (−2),
Like before, this holomorphic function expands in a Laurent series as Γ (σ, x, y, z, w) = ∞ n=−∞ σ n Γ n−2 (x, y, z, w). In the SL (2, C) differential operator language, the condition (5.39) maps to,
and has infinitely many solutions. The simplest three solutions read respectively as Γ = σ 2 living on base, Γ = σ (ay + bw) with a foot in fiber and the other in base and the third one is given by the (0, 1) isotriplet representation,
with a, b and c some arbitrary group parameters. It lives in the T * P 1 fiber sub-manifold.
Local C * symmetry
Here we complete the previous analysis by considering the study of local projective symmetry (4.7). This concerns the abelian gauge sub-symmetry obtained by setting Υ = 0, Γ = 0 and ̥ = 0 in the following typical general coordinate transformations.
Recall that the general coordinates transformations in u-sector reads as,
with gauge parameters Λ = Λ (σ, x, y, z, w), Υ = Υ (σ, x, y, z, w) and ̥ = ̥ (σ, x, y, z, w)
while their analog for v-sector have the form,
As noted previously, since the defining equation of the conifold det (Y X) = µ involves no coordinate derivatives, the projective change
with Λ as in eq(4.11), is also valid for a local group parameter
living on conifold. To fix the ideas, Λ may be thought of as given by,
where the non zero complex constant λ is as before and where η = η (σ, x, y, z, w) is an arbitrary local projective function. Like before, a class of these functions Λ is given by homogeneous a function of degree zero; i.e, and are respectively associated with 1 2 , 0 and 0, , reads as
with a, b and c are arbitrary complex parameters. As such the global projective eqs(4.11) extends locally as
and is interpreted as a C * gauge symmetry acting on projective functions living on conifold. In next section, we fix our attention on this abelian local symmetry and look for the corresponding underlying gauge theory.
6 More on gauging C * isometry
To start recall that in the projective transformation (4.7), the parameter λ is a non zero global SL (2, C) scalar; that is a non zero complex constant satisfying
Under this global C * symmetry, generic field sections G n = G n (x, y, z, w) with n charges and their derivatives D 0,± G n transform covariantly as in eq(4.16) namely
The same transformations are valid for the global SL (2, C) generators D 0,± which transform then as,
Similar relations may be written down for the analogous base quantities, for instance To that purpose let us first focus on the field sections G n (x, y, z, w) on T * P 1 . These fields transform covariantly as G n → Λ n G n ; however the derivatives D ± G n and D 0 G n are no longer covariant since they undergo like,
These are typical transformations in gauge theories which rests on the fact that the derivatives D 0,± are not covariant. Using the explicit expressions of D 0,± and the local transformations (5.53), we get the following,
where one recognizes 2D 0 as the generator of C * isometry. To restore C * gauge covariance, one should introduce the holomorphic gauge fields 8) in order to covariantize the derivatives (5.13,5.18) which becomes then, 
which imply in turn the following gauge transformation of the gauge fields
They may be directly obtained from eqs(6.9) by solving the constraint eqs D
For the particular case of a global transformation where Λ is restricted to λ; that is D 0,± Λ = D 0,± λ = 0, one recovers the usual covariance of A 0,± as holomorphic global field sections.
These results for the fiber T * P 1 extend obviously to the SL (2) generators T 0,± on the base and more generally to ∇ 0,± . On conifold, the previous fiber gauge transformations read as,
The corresponding gauge covariant derivatives are given by, 13) and the gauge transformations of the gauge fields on conifold are as follows,
With these tools at hand, we turn now to derive the correspondence between conifold geometry and non commutative topological holomorphic SL (2) gauge theory.
Deriving the topological gauge constraint eqs
So far we have considered two coordinate systems to deal with conifold geometry, an old free complex coordinate frame {x i , y j } and a projective one {σ, x, y, z, w}. In the old coordinate system, conifold is seen as hypersurface H 0 embedded in C 4 ; its defining eq ε ij x i y j = µ is invariant under the general coordinate change
l j x l . Moreover, the generators of the global SL (2) isometry read as follows:
15)
They satisfy the usual commutation relations
Acting on the conifold hypersurface x 1 y 2 − x 2 y 1 = µ by these operators, one discovers, as expected, the following relations,
Functions F R (T * S 3 ) on conifold hypersurface H 0 are functions of the complex coordinates x i and y j with the restriction ε ij x i y j = µ and transforming in representations R of SL (2) isometry group. Under the change x
For the derivatives ∇ 0,± F R to transform covariantly, one has to introduce gauge connexions, 18) where the gauge fields A q = p=0,±1 B p q ∇ p are vector fields valued in sl (2) algebra. The A 0,± gauge fields are not all of them independent; their relations are obtained by requiring that gauge covariant derivatives ∇ 0,± satisfy as well an sl (2) algebra,
Notice that we have three gauge field components satisfying three constraint eqs. This property signs the topological feature of sl (2) gauge theory on conifold. This description is also valid for in the projective coordinate system {σ, x, y, z, w} where conifold is seen as a projective complex three surface embedded in W P 4 (−1, 1, −1, 1, −1). In this case, the previous generators ∇ 0,± of the global SL (2) split as;
20)
T 0,± for the base C * and D 0,± for fiber T * P 1 . Notice that that the relations (6.19) may be put into a condensed form by help of the completely antisymmetric invariant three dimensional tensor ε pqr with the usual cyclic property ε +−0 = ε −0+ = ε 0+− = 1, one can put above eqs as follows, and ε rpq ε rqp = 6, we can rewrite previous relation as follows,
By substituting ∇ ± = ∇ ± − A ± ∇ 0 and ∇ 0 = ∇ 0 − A 0 ∇ 0 back into the constraint eqs(6.21), we get the following,
which read by help of gauge covariant derivatives ∇ p in a condensed form as,
Observe in passing that these constraint eqs are gauge invariant. Indeed under gauge
which by help of (6.19) we get 1 2 ε rpq ε pq−s ∇ s = −δA −r . Note finally that at first sight these constraint eqs (6.23) and analogs look a little bit unusual. While we are dealing with an abelian gauge theory, our constraint eqs have generated non linear terms. This is not a contradiction; it is just a signal of the non commutative behavior of the topological C * gauge theory.
The holomorphic topological action
To get the complex holomorphic gauge field action S T * S 3 = S T To solve this equation, it interesting to first express the action S T * S 3 as the integral over a holomorphic integral lagrangian like density L T * S 3 (A) as, 26) where λ is the gauge coupling constant and where the three form d 3 v stands for the conifold holomorphic volume form which, in the projective coordinates (σ, x, y, z, w), splits as the invariant volume 1-form of the C * base times the invariant volume 2-form of the fiber T * P 1 . Projective and SL (2) invariances lead to the following local volume form,
Then equating
with (ε rpq ∇ p A q + A −r ) eq(6.24), which for convenience we rewrite it as
and integrating with respect to A r , we obtain the following holomorphic field Lagrangian density L (A),
Gauge invariance follows naturally from covariance and the complete antisymmetry of ε rpq tensor. Note that while the first term in bracket is the usual gauge term for abelian gauge theories, the second one is typical for non commutative geometry.
On the real slice of the conifold, the initial SL (2, C) symmetry reduces to SU (2, C) and C * to U (1) invariance, in particular we have the following generators
Similarly, the previous complex holomorphic gauge fields A ± and A 0 reduce to C ± and C 0 ; and obey the following reality conditions, 31) while the constraint eqs read in the same manner as before,
It looks like sl (2) relations, except that now we have moreover the reality conditions,
Following the same steps, we end with the non commutative topological Chern-Simons gauge theory
Gauge invariance follows in a similar way as for the complex holomorphic case.
Restrictions to T
The above results extend naturally to the T * P 1 fiber sub-manifold. The point is that on this complex two dimensional non compact projective surface of W P 3 (1, −1, 1, −1), one can repeat quite same steps. In doing so, one should restrict the previous covariant derivatives ∇ 0,± to the T * P 1 fiber; i.e 35) and moreover impose conservation of the C * charge which requires,
As such there is no gauge component A 0 and no σ dependence. Furthermore, generic functions G n = G n (x, y, z, w) living on T * P 1 obey the following eigenvalue eq,
In particular, we have for the holomorphic gauge fields A ± on T * P 1 , the following eigenvalue eqs,
Unlike the identity D 0 = D 0 , the two other gauge covariant derivatives D ± keep their original form,
but with the gauge constraint eqs restricted to the fiber T * P 1 ,
As such the previous three constraint relations (6.23) reduce to the following one, one finds after integration,
where d 2 v is the holomorphic volume form on T * P 1 . Clearly, this NC holomorphic U(1)
gauge field action S T * P 1 is invariant under the gauge symmetry
One way to see it is by computing δS
, which vanishes identically due to the identity D 0 (ln Λ) = 0. The reduction down to S 2 follows directly by imposing the reality condition. We get The above results may be also reduced down to the T * S 1 base sub-manifold. The gauge covariant derivatives on conifold ∇ 0,± when restricted to the base T * S 1 reduce to T 0,± with,
and
where the gauge field A 0 has now no dependence of fiber variables, i.e,
As such there is no gauge components A ± and no (x, y, z, w) dependence. The constraint eqs for gauge field on conifold reduce to, 
where there is no kinetic term in agreement with the topological nature ot the theory.
Clearly, this NC holomorphic U(1) gauge field action S T * P 1 is invariant under the gauge symmetry,
On the the unit circle, σ = e iθ with 0 ≤ θ < 2π, this topological action reduces to
0 which is just a constant.
Conclusion and outlook
In an attempt to look for new methods to approach NC topological gauge theories involving conifold background, we have first developed a way to study the link between conifold and non commutativity opening then a window for dealing with these backgrounds by borrowing q-deformed quantum mechanics methods. Then we have studied the explicit derivation of NC topological SL (2) gauge theory on conifold and its subvarieties using T * S 3 isometries. To do so, we have started by showing that conifold defining eq xy − zw = ε ij x i y j = µ may be viewed as just the non trivial relation of the defining eqs Moreover, using the group factorisation of conifold SL (2) isometry as C * × (SL (2) /C * ), we have developed the corresponding projective hypersurface representation of conifold. This way of doing has the advantage of being directly related to the moduli space of supersymmetric theories whose simplest model, with a U gauge (1)×SU global (2) symmetry, has been constructed in section 4. The holomorphic superpotential L of this supersymmetric model involves the set of chiral matter (Q +α , P −β , Σ + , Σ − , Φ, Υ), see also (4.17) . The holomorphic eqs of motion read as Q +α P −β ε αβ + Σ + Σ − = µ,
where, for simplicity, we have dropped out the coupling constants. The apparition of the charged superfields Σ + and Σ − is one of the predictions of this construction.
Furthermore, thinking about conifold as a projective complex three dimension hypersurface embedded in non compact W P 5 (1, −1, 1, −1, 1, −1), we have developed a method to get topological gauge theory by focusing on the gauging the C * projective isometry. We have also studied the reduction of SL (2) gauge model on conifold down to its complex two and one dimensions sub-manifold T * P 1 and T * S 1 ; as well as their real slices. Details on these topological gauge reductions are exposed in section 6.
In the end of this study, we would like to add a comment on higher dimension extensions of these geometries. As far as non commutative structure is concerned, conifold results may be extended to higher complex geometries by using the method presented in this paper. A direct extension concerns complex dimension (4n − 1) symplectic manifolds SO (4n, C) /SO (4n − 1, C) describing the hypersurface n a=1 (x a y a+n − x a+n y a = µ) embedded in C 4n . This equation may be put in the form and reads also as,
where Ω AB is the usual antisymmetric tensor of symplectic spinors. Following the method outlined in section 3, this relation may be also put as x A y B −x B y A ∼ µΩ AB or equivalently
describing the link between these geometries and q-deformed non commutative geometry in complex 4n dimensions with a constant magnetic field µΩ AB . The particular case n = 1 corresponds to conifold geometry discussed in this paper. The next geometry, namely (x 1 y 3 − x 3 y 1 ) + (x 2 y 4 − x 4 y 2 ) = µ, (7.5) has a complex dimension 7, containing S 7 as a real slice, and a manifest SP (1, C) isometry subgroup rotating the symplectic spinor x a into y b and vice versa. This construction could be relevant for M-theory compactifications and G 2 manifolds.
An other interesting extension deals with complex dimension (n 2 − 1) embedded in C n 2 parameterized by n × n matrix Z. These geometries have a SL (n, C) isometry group and are described by the holomorphic order n polynomial equation, det Z = µ. (7.6) This algebraic relation captures a kind of generalized q-deformed non commutative structureà la Nambu bracket aiming the construction of generalizations of the hamiltonian mechanics based on Poisson bracket and usual commutator. Indeed, using the n dimensional completely antisymmetric tensor ε i 1 ...in , we can bring the above equation to the remarkable form,
and all others vanish identically. To fix the ideas, one may consider the complex eight algebraic geometry with SL (3, C) isometries. This geometry has some particularizes.
First it may be directly related to non commutative extension of Nambu mechanics whose bracket is associated with the determinant of real 3 × 3 matrices [38] . Second, it could be also relevant for type II superstring and M-theory compactificactions. Let us give some explicit details concerning this specific example. Consider the 3 × 3 complex holomorphic matrix coordinate, given by the complex eight dimension hypersurface embedded in C 9 ,
where ε ijk is the invariant three dimensional completely antisymmetric tensor. Like in case of conifold, this geometry is also singular for µ = 0. In this coordinate system, the global isometry group is generated by,
10)
and the link to non commutative geometryà la Nambu is given by,
Concerning lower dimension sub-manifolds of eq(7.9), there are many; the natural one is obtained by reducing SL (3, C) to SL (3, R) or other sub-groups such as SU (3, C) or also T * S 1 × T * S 3 . An other class of sub-manifolds is given by the following complex five dimension geometry, (7.14)
